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We present a model of classical hard-core dimers on the square lattice that contains an Ising
nematic phase in its phase diagram. We consider a model with an attractive interaction for parallel
dimers on a given plaquette of the square lattice and an attractive interaction for neighboring parallel
dimers on the same row (viz column) of the lattice. By extensive Monte carlo simulations we find that
with a finite density of holes the phase diagram has, with rising temperatures, a columnar crystalline
phase, an Ising nematic liquid phase and a disordered fluid phase, separated by Ising continuous
phase transitions. We present strong evidence for the Ising universality class of both transitions.
The Ising nematic phase can be interpreted as either an intermediate classical thermodynamic phase
(possibly of a strongly correlated antiferromagnet) or as a phase of a 2D quantum dimer model using
the Rokhsar-Kivelson construction of exactly solvable quantum Hamiltonians.
I. INTRODUCTION
Hard-core dimer models have been useful in identifying
and handling basic aspects of the configurational frustra-
tion in quantum spin systems with non-magnetic ground
states such as RVB wavefunctions and valence bond sin-
glet crystals. Hard-core dimer models have been used
extensively in the context of quantum condensed matter
model constructions, such as the quantum dimer mod-
els by Rokhsar and Kivelson,1 to characterize topologi-
cal fluid quantum phases,2 strongly correlated supercon-
ducting phases,3 as well as crystalline phases and stripe
phases4 (see, e.g Ref.[5]). Such modeling led to use-
ful insights and basic intuitive understanding of aspects
of quantum frustration.6,7 Similar models can be used
to understand the high-temperature behavior of such
strongly correlated quantum antiferromagnets, assuming
that the valence bond spin gap has an onset at much
v
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FIG. 1. A typical configuration of an Ising nematic phase for
a hard-core dimer model with a finite density of holes (see
text).
higher energies.
Ising nematic liquid phases and more generally, elec-
tronic liquid crystalline phases,11 have been observed in
several physical systems, notably in the two-dimensional
electron gas (2DEG) in large magnetic fields, in the bi-
layer ruthenate Sr3Ru2O7 in magnetic fields, in the
iron-based superconductors and most interestingly, and
in the cuprate superconductors.12–14 In particular, ne-
matic order has been reported in YBa2Cu3O6+x in much
of the pseudogap regime,15 and in very underdoped
YBa2Cu3O6+x over a large temperature range,
16 as well
as in Bi2Sr2CaCu2O8+δ,
17 and in the iron-based super-
conductors LaFeAsO and Ba(Fe1−xCox)2As2.
18–22
In this paper, we study the emergence of an Ising ne-
matic dimer phase in a classical dimer model, using ex-
tensive numerical classical Monte Carlo simulations and
analytical arguments. We consider dimer models with
two types of interactions: a) an attractive interaction
with strength u for parallel dimers on the same plaque-
tte of the square lattice (which favors columnar ordered
states), and b) an attractive interaction of strength v for
dimers on next-nearest-neighbor bonds on the same row
(viz column) of the square lattice (which favors all tilted
columnar states). We investigated the phase diagram of
this model, shown schematically in Fig. 2 A, B and C,
at full dimer coverage and at a finite density δ of holes
as a function of temperature T and for varying dimer
interactions u and v.
In the fully packed regime, 2D dimer models can
describe ordered phases, columnar phases with vary-
ing degree of translation symmetry breaking,4,9,10,23,24
as well as quantum critical systems1,25 and topological
phases.2,26 The nematic phase of this system is charac-
terized by spatially disordered dimer configurations that
globally break rotational invariance, as shown in Fig. 1,
i.e. long range orientational order that breaks sponta-
neously the C4 point group symmetry of the square lat-
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FIG. 2. Evolution of phase diagram for different hole densities δ, and for different attractive dimer plaquette interactions
u and attractive dimer-aligning interactions v as a function of temperature T . A) When only the plaquette interactions are
present there is a single phase transition is present between a featureless dimer-hole liquid and the columnar solid.4 At zero hole
density this transition is in the KT universality class.8 At finite hole density there is a line of varying critical exponents lead
to a rather unconventional multicritical point at δm = 0.11, Tm = 0.4 (endpoint of solid line). At lower temperatures T < Tm
the transition is discontinuous, and when in a fixed-density ensemble there is phase coexistence. The dotted lines represent the
range of observed coexistence, derived from simulations.4 B) As soon as the dimer-aligning interaction v is finite, a new phase
emerges in-between the dimer-hole liquid and the columnar solid, the Ising nematic dimer liquid. The phase transition from the
columnar solid to the nematic liquid appears to resemble quantitatively (almost overlapping) the columnar solid to dimer-hole
liquid transition line at zero nematicity. The transition line is in the Ising universality class. At higher hole densities there is
a subsequent Ising transition line separating the Ising nematic phase from the isotropic dimer-hole liquid. C) When only the
dimer-aligning interaction v is present, the columnar solid phase is absent. Only a single Ising transition line separates the
nematic liquid from the dimer-hole liquid. In the close-packed limit δ = 0 and for u = 0, the nematic liquid is infinitesimally
unstable to a columnar solid, possibly at finite tilt,9,10 due to a sub-extensive entropy of aligned dimer lines. The solid line for
T > 1 signifies the presence of the finite tilt columnar solid. Due to the presence of this sub-extensive entropy, the nature of
the transition, expected to be in the KT universality class, is unclear from the simulations.
tice but leaves translation symmetry intact. We observe
that such a phase cannot be stable on the square lattice
against columnar energy perturbations in the absence of
holes (the undoped system). Only in the existence of
mobile holes, we find that a nematic phase exists for a fi-
nite temperature range (see Fig. 2B). Moreover, we find
that in the presence of generic perturbations such as a
small attractive columnar interaction, this liquid phase
only occurs in an intermediate temperature range, com-
prised between a high temperature isotropic liquid and
a low temperature columnar crystal, separated by corre-
sponding (classical) 2D Ising phase transitions.
These phases can be interpreted as occurring in a clas-
sical dimer model at various coverings. In the context of
quantum antiferromagnets, a bond occupied by a dimer
means that it is occupied by a valence bond singlet of
two neighboring spins27,28 or as a label of an unsatisfied
bond in frustrated quantum magnets.7,29 In doped an-
tiferromagnets with a spin gap, in addition to valence
bonds one has to include the charge degrees of freedom
in the form of holes. A simple model of such systems is
the doped quantum dimer model.1,3 Dimer models of the
type we discuss here can also serve to represent, quali-
tatively, forms of orbital order of the type used in mod-
els of the iron superconductors,30 and in the analysis of
the STM data in Bi2Sr2CaCu2O8+δ,
17 as well as for the
analysis on valley order in certain 2DEGs in magnetic
fields.31,32 Although the dimer models do not represent
many aspects of the microscopic physics of these systems
faithfully, its symmetries are the same as the point groups
of the more microscopic models and, hence, should be
useful to describe many aspects of these systems, partic-
ularly their phase transitions.
Here we show that a classical dimer model with a fi-
nite density of holes can lead, with suitable interactions,
to a nematic phase in dimer models arising from the
melting of a columnar state. However, it has been un-
known how to stabilize such a nematic liquid in clas-
sical or/and quantum dimer models by using isotropic
Hamiltonians with local interactions. By using the RK-
construction,1,4,25,33 it is straightforward to find an ex-
actly solvable quantum dimer models with a stable quan-
tum nematic phase whose ground-state wave function
∣∣Ψ〉
has local weights of the same form as the Gibbs weights
of the classical dimer model we study here, given the
configurations are assumed to be orthonormal. Namely,
∣∣Ψ〉 = 1√
Z
exp(−βEC/2)
∣∣C〉 (1.1)
where
Z =
∑
{C}
exp(−βEC) (1.2)
is the norm of the wave function and also the parti-
tion function of a classical system with Gibbs weight
exp(−βEC)/Z in the same dimension.
2
We fully characterize the behavior of the corresponding
classical model through analytic arguments and extensive
simulations. First, we show that the key ingredient for
stabilizing nematic dimer liquids is a strong same-row or
same-column dimer-aligning, spatially isotropic, interac-
tion. In a fully packed lattice this interaction leads to
crystalline phases.4,23,34–36 Here we will show that at fi-
nite hole density it stabilizes an Ising nematic fluid phase.
Further, we demonstrate numerically that all relevant
transitions at finite hole density are of Ising nature and
that the nematic phase, even though it breaks explic-
itly rotational symmetry, by having most dimers point
to the same direction, also has disordered liquid-like cor-
relations along the orientation direction. However, in the
close-packed case, and when only the dimer-aligning in-
teraction is present, it is unclear whether the transition
is in the Ising or the KT universality class. Theoretical
arguments predict the KT transition but the simulations
give, as we will discuss, inconsistent results possibly due
to finite-size effects.
This work is organized as follows. In Sec. II we present
the generalized dimer model and discuss its symmetry
properties. In Sec. III we present and analyze the re-
sults of our Monte Carlo simulations which lead to the
phase diagrams of Fig. 2. In Sec. IV we present results
form a mean-field theory based on a formulation of the
generalized dimer model in a Grassmann variables for-
mulation. Our conclusions are presented in Sec. V.
II. THE MODEL
The classical dimer model is on a square lattice of lin-
ear dimension L (total number of sites N = L2) covered
byNd hard-core dimers andNh = L
2−2Nd holes with the
hole density being δ = Nh/L
2 The configuration space
consists of all the possible dimer coverings satisfying the
hard-core constraint with a given number of holes. The
energy of a dimer configuration C is
EC = (2.1)
−
∑
r,α=x,y
[v nα(r)nα(r+ 2eˆα) + u nα(r)nα(r+ eˆβ 6=α)]
where nα(r) is the dimer occupation number of the link
of the square lattice with endpoints at the two nearest
neighbor sites r and r+eˆα (with α = x, y). The first term
of the total energy EC of Eq. (2.1) is proportional to the
number of parallel dimers on the same row (or column) on
next-nearest-neighbor sites, while the second term is pro-
portional to the number of plaquettes with two parallel
dimers, β = 1/T is the inverse temperature of the classi-
cal model and we assume that the interaction of parallel
dimers on a plaquette is attractive, u > 0. Below, we
will refer to the first term of Eq.(2.1) the dimer-aligning
interaction (with strength v) and to the second term the
plaquette interaction (with strength u).
The model with configurational energy EC of Eq. (2.1)
is explicitly invariant under translations (by one lattice
spacing) in both directions of the square lattice and under
C4 point group symmetries. However, in the special case
u = 0, the configurational energy is also invariant under
the independent rigid shifts of the dimer configurations
on the links of each separate rows and columns. This dis-
crete “sliding” symmetry formally relates dimer configu-
rations with different tilts.9 As it stands, this symmetry
formally leads to a sub-extensive (on the square lattice)
entropy even at T = 0 which hinders the equilibration of
this system for large lattice sizes. A discrete sliding sym-
metry of this type also arises in the 2D classical Ising
model with only four spin interactions.37 However this
symmetry can be broken by fixed boundary conditions
to select a particular tilted state. This symmetry is also
explicitly broken by the plaquette interactions even for
arbitrarily small values of u. For this reason, it is impor-
tant to focus on the case u > 0.
The partition function for a dimer model with no
aligning interaction v = 0 was studied in detail both
in the fully packed case4,23,34 and with a finite density
of holes.4 In the fully packed regime it was found that,
for u ≥ 0, the system is characterized by a line of fixed
points parametrized by u = 1/T . At temperatures be-
low a Kosterlitz-Thouless (KT) transition at uc ≃ 1.5,
the fully-packed dimer model enters a four-fold degen-
erate columnar phase which has a spontaneously broken
translation and rotational symmetry.4,34 For any density
of holes, the line of fixed points is replaced by a disor-
dered phase, but the columnar phase survives, unless the
density of holes is large enough.4
The phase diagram in the presence of the aligning in-
teraction v as well as the plaquette interaction u at var-
ious hole densities is complex. Apart from the already
described disordered liquid and columnar solid phases, it
is expected that a new phase emerges, which only breaks
the rotational symmetry but not the translational one.
The existence of this Ising nematic phase has been proven
for the case u = 0 on dilute systems by Heilmann and
Lieb38. Here, we will explore the emergence of this phase
primarily through numerical simulations, supplemented
by theoretical arguments.
Intuition for this model can come from the fact that the
close-packed square lattice dimer model has an effective
field theoretic description in terms of a continuum Gaus-
sian (free boson) field. The mapping of the square lattice
classical dimer model to a height model,25 proceeds by
assigning a height variable on each plaquette. On the
even sublattice, going clockwise, the height changes by
+3 if a dimer is on a link, and by −1 when there isn’t
one. On the odd sublattice, the changes reverse. More-
over, the dimer hard-core constraint implies that there
are only 4 local dimers configurations on each site, guar-
anteed in the dual height model by the compactification
h → h + 4. In terms of the rescaled field φ = pih/2 the
3
actual action is
S =
∫
d2x
[
K
2
(∇φ)2 + g cos(4φ)
]
(2.2)
with K = 1/4pi at the non-interacting dimer point and
with a charge 4 perturbation, cos(4φ) = cos(2pih), bias-
ing the coarse-grained height field to take integer values.
The different observables (and hence perturbations) of
this theory consist of the On,m composite operators with
n units of charge and m units of vorticity.39? Their scal-
ing dimensions are
∆(n,m)(K) =
n2
4piK
+ piKm2 (2.3)
As shown in Ref.[4], the columnar order parameter corre-
sponds to the elementary charge operator O±1,0, which is
relevant with ∆1,0 = 1, while the nematic order param-
eter corresponds to O±2,0 which is irrelevant at the free
dimer point. The operator O±4,0, which naturally ap-
pears due to discreteness of the height values is a strongly
irrelevant operator, but it is the one that drives the KT
transition, when the plaquette attractive interaction is
added. Moreover, the hole operator, corresponding to a
hole density, is represented by the fundamental vortex op-
erator O0,±1, a typically strongly relevant operator which
drives the system to a high temperature liquid. Finally,
by using OPE based on the density operator definitions9,
it is easy to show that the leading effect of the dimer-
aligning interaction on the same row or the same column
at the non-interacting dimer point is just a renormaliza-
tion of the free field stiffness. This conclusion is verified
in the simulations, since in the close-packed limit (and
u infinitesimal) the columnar crystalline phase appears.
On the dilute lattice, such a picture breaks down and
the emergence of the phase diagram is not understood
analytically.
III. RESULTS FROM MONTE CARLO
SIMULATIONS
We simulate the partition function of this dimer model
with configurational energy EC of Eq.(2.1) by means of
a Monte Carlo worm-algorithm with a local heat-bath
detailed balance condition.23 We have set the energy scale
to be v = 1 > 0. The study is made in the canonical
ensemble, similar to previous analogous studies.4,23,35,36
The observables, apart from the energy related specific
heat, are related to the possible symmetry breaking, the
columnar and nematic order. The local columnar order
parameter c(r)4,34 is defined with respect to the dimer
occupation number at each site nα(r),
c(r) =
∑
α=x,y
(−1)rαnα(r)eˆα (3.1)
with the global order parameter being
C =
2
L2
∑
r
c(r) (3.2)
and is normalized such that the four columnar states cor-
respond to
C = {±1, 0}, {0,±1}. (3.3)
A columnar state breaks the rotation and the translation
symmetries of the lattice.
The rotation symmetry breaking (nematic) order pa-
rameter is defined to be
R =
2
L2
∣∣NhC −NvC ∣∣ (3.4)
where NhC and N
v
C are, respectively, the number dimers
on horizontal and vertical bonds in configuration C. One
also considers the corresponding susceptibilities χ. In
particular, for a second order transition
χ
N
=
〈R2〉 − 〈|R|〉2
L3
∝ L2−η (3.5)
while for a first order transition
χ
N
∝ L2 (3.6)
Finally, the Binder cumulant
B =
〈R4〉
〈R2〉2 (3.7)
is a scale-invariant quantity in the case of a continuous
transition, and should thus exhibit a crossing point at
criticality as a function of the system size. In addition,
the finite size-scaling (FSS) of its derivative with respect
to the temperature,
dB
dT
∝ L1/ν (3.8)
provides a direct way to determine the critical exponent
ν of the correlation length for nematic fluctuations.
A. Case u = 0, δ = 0: attractive dimer-aligning
interactions (but no plaquette interactions) on a
close-packed dimer lattice
Firstly, we investigate the simplest case, being the case
where only the dimer-aligning attractive interaction is
present, u = 0 and v = 1, on a close-packed dimer lattice.
In this limit the system has a discrete “sliding” symmetry
which, for periodic boundary conditions leads to a sub-
extensive ground state entropy. This feature indicates
that the ground state may be any of the possible tilted
phases, such as those discussed in Ref.[9]. This feature
4
0.5 0.6 0.7 0.8 0.9 1 1.1 1.2 1.3 1.4 1.5
T
0
0.05
0.1
0.15
0.2
0.25
0.3
<
C>
/L
2
L = 16
L = 32
L = 48
L = 64
L = 96
L = 128
L = 164
FIG. 3. Columnar order parameter as a function of tempera-
ture for multiple system sizes in a close-packed dimer model
without a plaquette interaction, u = 0 and zero hole density,
δ = 0. The columnar order vanishes quickly in the thermo-
dynamic limit, with no signs of an instability.
poses serious numerical difficulties. Nevertheless, as we
will see in Section III B, these difficulties are suppressed
once u > 0, which favors columnar order, no matter how
small it is. Since in the case of v = 0 and u > 0 the
transition from the four-old degenerate columnar order
state is in the KT universality class,4,8 here we might
expect the same scaling. However the existence of many
tilted ground states (each with a four-fold global degen-
eracy) makes the analysis more difficult and convergence
problematic.
Close-packed dimer configurations on the square lat-
tice present critical correlations at T = ∞ as aforemen-
tioned. While from the field theory (and renormalization
group arguments) we expect, as described, a renormal-
ization of the KT-transition temperature toward a solid
phase,which should resemble a columnar solid under ap-
propriate boundary conditions on an infinite lattice, our
simulations present a complex picture shown in Figs. 3,
4, 5, and 6. From this data, it is reasonable to conclude
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FIG. 4. Rotational order parameter as a function of temper-
ature for multiple system sizes in a close-packed dimer model
without a plaquette interaction, u = 0 and zero hole density,
δ = 0. Rotational order displays a clear transition.
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FIG. 5. Specific Heat for different system sizes in a close-
packed dimer model without a plaquette interaction, u = 0
and zero hole density, δ = 0. The specific heat clearly displays
a cusp or possibly a logarithmic divergence, consistent with
both an Ising and a KT transition.
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FIG. 6. Rotational order parameter susceptibility displaying
a divergence with an anomalous exponent η = 0.25 consis-
tent with an Ising transition, in a close-packed dimer model
without a plaquette interaction, u = 0 and zero hole density,
δ = 0. The position of the peak appears to be very close to
the position of the specific heat peak. For a KT transition,
there would be expected a discrepancy of the two peaks.
that this is an Ising transition, given that the anomalous
exponent of correlation function of the rotational order
parameter (having a parent Ising symmetry) appears to
be η = 0.25, consistent both with KT and with Ising uni-
versality, and that the columnar order is absent. On the
other hand, the specific heat does seem to diverge is con-
sistent with either a cusp or with a weak a logarithmic
divergence, both of which have an exponent α = 0. this
may be consistent with an Ising transition, which has its
prototypical logarithmic divergence. In a KT transition,
the specific heat displays a peak clearly above the criti-
cal temperature (for example detected through the peak
of the rotational susceptibility) and does not diverge; In
our case, the specific heat is clearly non-divergent but
the peak appears unconventionally close (±0.006) to the
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critical temperature for the system sizes considered (as
noticed in a comparison of Figs. 5 and 6). In addition,
Binder cumulants (not shown) have non-Ising behavior
which display a crossing but not at the universal expec-
tations for Ising systems. It may well be that this dis-
crepancy implies that the Ising signatures mask the true
nature of the transition. The simulations were performed
on double-periodic boundary conditions for reasons of nu-
merical efficiency.
However, in this situation the sub-extensive entropy
discussed above is not suppressed. Hence our simulations
cannot distinguish a columnar state from any state with
broken translational invariance but at finite tilt. Since
the entropy is sub-extensive the associated discrete “slid-
ing” symmetry must be spontaneously broken. However,
performing fixed boundary condition simulations ap-
pears numerically intractable. For all these reasons we
believe that our simulations with periodic boundary con-
ditions have not converged at low temperatures for u = 0.
B. Case u > 0, v > 0, δ = 0: Competition between
attractive dimer-aligning and plaquette interactions
on a close-packed dimer lattice
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FIG. 7. Columnar (top) and nematic (bottom) order param-
eters in a close-packed dimer model with dimer-aligning and
plaquette interactions at zero hole density. The plaquette in-
teraction is interaction has u = 0.1 and the dimer-aligning
interactions have v = 1.0. In the thermodynamic limit, both
order parameters appear to display a strong transition, sig-
nifying the emergence of a columnar solid phase. The same
happens at any u we studied (0.2, 0.5) (not shown).
The next case study is for u and v present in the sys-
tem for a close-packed lattice, but with u = 0.1v; since we
aim to focus on the non-perturbative effects of the dimer-
aligning interaction. It is clear that in the opposite limit
v ≪ u the dimer-aligning perturbation would only shift
the location of the KT transition with no change in the
universality class. However, in the limit we probe u≪ v,
the system’s behavior is rather complex, exactly due to
the non-trivial crossover that we find in the case where
u = 0. While the maximum system size we studied is
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FIG. 8. Columnar susceptibility for different sizes for a close-
packed dimer model with dimer-aligning and plaquette inter-
actions and zero hole density. The dimer-aligning interaction
has v = 1.0 and the plaquette interaction u = 0.1. Slowly,
the susceptibility displays a divergence, but the anomalous
exponent we uncovered is very low 0.1, compared to the KT
expectation of 0.25. We believe that this is still a complex
crossover due to the competition of the columnar solid with
the nematic liquid in finite systems, which has a finite entropy,
albeit sub-extensive.
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FIG. 9. Nematic susceptibility in a close-packed dimer model
with dimer-aligning and plaquette interactions and zero hole
density for u = 0.1 and v = 1.0. Rotational susceptibility for
different system sizes. This susceptibility displays a stronger
behavior, and an apparent anomalous exponent of 0.3, close
but different from the Ising value. It appears that this expo-
nent also is the outcome of a strong crossover towards the KT
universality class, albeit impossible to resolve in simulations
for systems up to 5122.
many times larger than the sizes studied in Ref. [8], it
appears still that the system has not converged to a well
defined transition. The expectation is that the system
should display a KT transition since the sub-extensive
entropic degeneracy is lifted for any finite value of u 6= 0.
In Figs. 7, 8, 9, 10, and 11 we present strong evidence
that this transition has not converged. The rotational
order parameter displays a clear transition with its sus-
ceptibility displaying a large peak with scaling similar
to Ising transitions (η = 0.25), and its Binder cumulant
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FIG. 10. Specific heat for different system sizes displaying
a divergence with an exponent α/ν ≃ 0.5 for a close-packed
dimer model with dimer-aligning, and plaquette interactions
at zero hole density. Here v = 1.0 and u = 0.1.
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FIG. 11. Binder cumulants for the columnar (top) and ne-
matic (bottom) order parameters in a close-packed dimer
model with dimer-aligning interactions and plaquette inter-
actions, at zero hole density. Here, u = 0.1 and v = 1.0.
The columnar order displays no crossing whatsoever, signa-
ture of a non-trivial crossover, while the nematic order dis-
plays a crossing at a value that is not consistent with the Ising
expectation, but nevertheless shows the emergence of a cor-
relation length critical exponent ν ≃ 1 as expected for Ising
transitions. These discrepancies suggest that there is a strong
crossover even at the largest sizes we studied.
shows a crossing point close to the one expected for Ising
transitions (1.13), even though there is an apparent ongo-
ing drift of the crossing point toward higher values. The
correlation length exponent ν, derived from the slope of
the cumulant at the crossing, appears to be close to the
Ising value ν = 1, but a drift is observed with increas-
ing system size. But, while these observations appear to
be consistent with an Ising transition (similar observa-
tions with the u = 0 case), the specific heat displays a
clear transition, with an apparent non-Ising critical expo-
nent α/ν ≃ 0.5, while there is some drift as well toward
lower values. Further, the columnar order parameter ap-
parently displays a a very weakly-converging transition,
where for L = 32 it is not even detectable (cf. Fig. 7).
Its susceptibility displays a very weak convergence, with
a very wide hump for moderate system sizes, and appar-
ently η ≃ 0.1, but again the shape of the susceptibility
does not allow us to conclude that this exponent (derived
from just the peak’s scaling) can be accurate – given that
in such estimates there is always the implicit assumption
of a scaling collapse, i.e. the shapes of the curves shall be
self-similar in the scaling regime. Further, its Binder cu-
mulant does not display a crossing, another evidence of a
strong crossover. We should note that the KT transition
is the only known transition where the Binder cumulants
of the order parameter do not display a crossing (for XY
models), so the observed behavior could signify the onset
of KT transition scaling. This collection of results sug-
gests that our data is still inside a strong crossover region
even at the largest sizes we studied.
C. Case u = 0, δ > 0: Only dimer-aligning
interaction on a dilute dimer lattice and the
emergence of an Ising phase transition towards a
nematic fluid
Then, we proceed by considering the effect of finite hole
density δ. From previous work of some of us4 (shown in
Fig. 2A), there is concrete intuition on the possible expec-
tations when a plaquette interaction is included. How-
ever, it has not been known how a dimer-aligning interac-
tion affects the phase structure. As shown in Fig. 2C, we
find a new phase, the dimer Ising Nematic phase, which
is characterized by orientational order of the dimers (as
seen in Fig. 1) but no translational symmetry breaking,
i.e. the system remains a fluid. It is characteristic that
the stability of this phase over possible effects from pla-
quette interactions is guaranteed by the presence of holes,
since they provide a source of extensive entropy to the
liquid, a feature absent at close packing due to the hard-
core dimer frustration.
δ Tc α/ν η ν B
0 0.90(2) - 0.25(4) - -
3.125 0.84(1) 0.1(1) 0.25(4) 1.0(1) 1.16(5)
4.6875 0.81(1) 0.1(1) 0.29(6) 1.0(1) 1.16(4)
6.25 0.78(1) 0.1(1) 0.25(4) 0.95(7) 1.15(4)
9.375 0.72(1) 0.1(1) 0.26(4) 1.1(1) 1.13(2)
12.5 0.67(1) 0.07(7) 0.22(5) 1.1(2) 1.13(2)
25 0.49(1) 0.03(3) 0.24(5) 1.1(2) 1.14(3)
Ising - 0 1/4 1 1.13
TABLE I. Critical behavior at the nematic-disordered phase
transition line in the absence of a plaquette interaction, u = 0.
From Left to Right the columns denote: hole density, critical
temperature, specific heat exponent ratio α/ν, rotational or-
der parameter anomalous exponent η, correlation length ex-
ponent ν and finally, the value of the Binder cumulant at
the crossing point. The Ising universality class prescribes the
value 1.162 for this quantity.
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FIG. 12. Nematic (top) and columnar (bottom) order param-
eters in a dimer model with only dimer-aligning interactions.
The plaquette interaction is u = 0 and the dimer-aligning in-
teractions v = 1. The hole density is δ = 0.03125 = 1/32.
Top: the nematic order parameter as a function of tempera-
ture for increasing system size, displaying a strong transition.
Bottom: the columnar order parameter, clearly vanishing in
the thermodynamic limit.
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FIG. 13. Nematic susceptibility of the dimer model with only
dimer-aligning interactions, v = 1. The plaquette interac-
tion is not included and has u = 0. The hole density is
δ = 0.03125 = 1/32. The susceptibility of the nematic or-
der parameter displays a strong divergence with the system
size (up to a lattice of 220 sites) and in the inset scaling of the
peak giving anomalous exponent η ≃ 0.25, consistent with an
Ising transition.
At finite small dilution but no plaquette interaction
u = 0, v = 1, we find a clear transition line that sepa-
rates the isotropic hole-dimer liquid phase from the Ising
nematic phase. This transition is clearly in the Ising uni-
versality class, as verified by the values of the anomalous
exponents as well as the Binder cumulant crossing val-
ues, being in consistency with the Ising universality. The
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FIG. 14. Temperature dependence of the specific heat of
a dimer model with only dimer-aligning interactions, with
v = 1. The plaquette interaction is absent, u = 0. The hole
density is δ = 0.03125 = 1/32. The temperature dependence
of the specific heat displays a clear phase transition with cor-
responding exponent from the peak scaling α/ν ≃ 0.1 ± 0.1,
consistent with the expected logarithmic singularity (α = 0)
at a 2D Ising transition.
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FIG. 15. Binder ratio crossings for the nematic order param-
eter of a dimer model with only dimer-aligning interactions,
with v = 1, at finite hole density. The plaquette interaction is
not included, u = 0. The hole density is δ = 0.03125 = 1/32.
The observed crossing point is consistent with the expected
2D Ising transition and its derivative at the crossing gives
clearly ν ≃ 1.
evidence is presented in Figs. 12, 13, 14, 15 and Table I.
While in the figures we show a typical case at dilution
δ = 1/32 and the consistency shown by the order pa-
rameters, their susceptibilities, the specific heat and the
Binder cumulants, at the table we show our estimations
for particular critical exponents and universal cumulant
values for a number of hole densities we studied, dis-
playing a strong consistency. For δ = 1/32, a clear phase
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FIG. 16. Finite-size dependence of the correlations for colum-
nar order in the nematic phase of a dimer model at finite hole
density with only dimer-aligning interactions. Here, u=0,
T = 0.5. The dilution is 1/8. The evolution of the lon-
gitudinal correlation profile is shown as a function of dis-
tance. Clearly, a saturation of the profile is seen and the
infinite-distance value is almost twice the fully disordered
value (T →∞, same density), consistent with the phase struc-
ture, since most dimers in the nematic liquid are oriented in
the same direction.
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FIG. 17. Columnar order correlations at different hole densi-
ties in the nematic phase for a dimer model with only dimer-
aligning interactions. Here L = 128 and T = 0.5, deep in
the nematic phase when at low hole densities. The crystal
correlation at close packed dimers transforms to liquid-like at
large distances immediately as dilution becomes non-zero.
transition is detectable around T = 0.9 and the rotational
symmetry is spontaneously broken at low temperature as
shown by the rotational order parameter, but the transla-
tional symmetry is not, as the vanishing, with the system
size, columnar order parameter shows. The evidence for
the Ising universality class comes from the specific heat
which is consistently showing scaling with α ≃ 0, the
rotational susceptibility which gives η/ν ≃ 0.25 and the
Binder cumulant ratio which not only displays a crossing
point at the expected Ising location, but also its deriva-
tive at the crossing scales with system size in a way that
shows that ν ≃ 1.
Finally, in Figs. 16, 17 we show how the nematic corre-
lations evolve with system size and hole density at a low
temperature T = 0.5. As can be seen from Fig. 2C, at
this temperature and all but the close-packed case, the
system is an Ising nematic liquid which is stable to per-
turbations (such as the plaquette interaction). Through
the scaling with the system size, it is clear that at long
distances dimers have liquid correlations, albeit double
than at infinite temperature, due to the fact that deep
in the nematic phase they are primarily oriented in the
same direction. The correlations have clearly converged
for L ≥ 64. As a function of hole density, we observe
the dramatic effect of having non-decaying correlations
at δ = 0, signifying the absence of liquid correlations, but
they immediately become liquid-like as the system gets
dilute. Starting from the perfect close-packed crystal (at
zero dilution, cf. Fig. 2C), assuming fixed boundary con-
ditions, then to first order, if some dimers n (introducing
2n holes) are removed from the lattice, then there are(
N
n
)
ways to remove them, therefore contributing an
extensive entropy without though destroying the colum-
nar order. Further, to second order, at the expense of
energy 1/T , each pair of holes has a sub-extensive contri-
bution by moving freely on the line it was created, again
winning over the crystalline confining tendency. Since a
pair can be formed on each line, it leads to an extensive
entropy contribution as well, that can dominate over the
energy cost. Therefore, the nematic liquid is also decon-
fining along the oriented direction.
We should note that the Ising transition line, should
end at a tricritical point and coexistence at a higher δ
from the ones we investigated. The investigation of this
discontinuous transition is beyond the scope of this work,
but should be in the tricritical Ising universality class.
D. Case u > 0, v > 0, δ > 0: Competition between
dimer-aligning and plaquette interactions in a dimer
model at finite hole density displaying two Ising
phase transitions
Finally, we investigate the case of a finite hole density,
where the system contains both the dimer-aligning and
plaquette interactions. In this case, we observe a more
complex phase diagram, where two Ising transition lines
emerge from the close-packed limit (where the transition
is in the KT universality class possibly, as we argued)
(shown in Fig. 2B), separating the Ising nematic dimer
liquid from the disordered isotropic dimer-hole liquid at
high temperatures and the columnar solid phase at low
temperatures. The evidence for our conclusion that both
transitions are in the Ising universality class are displayed
in Figs. 18, 19, 20, 21, 22, 23 for a particular hole density
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FIG. 18. Evolution of the columnar and the nematic order
parameters as a function of temperature in dimer model at
finite hole density with both dimer-aligning, and plaquette
interactions. Here u = 0.1 and v = 1. The hole density is δ =
0.0625 = 1/16. Two Ising phase transitions are observed as
temperature decreases. The columnar order parameter shows
a distinctly different transition temperature from the nematic
order. The isotropic-nematic transition takes place at a higher
temperature due to the presence of the attractive columnar
interaction.
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FIG. 19. Specific heat for a dimer model with both dimer-
aligning, and plaquette interactions at finite hole density with
both dimer-aligning, and plaquette interactions. The pla-
quette coupling is u = 0.1 and v = 1. The hole density is
δ = 0.0625 = 1/16. The specific heat shows a signature for
both transitions, but the lower temperature transition’s peak
is much weaker, between the columnar solid and the Ising
nematic liquid, converging much slower as the system size
increases.
δ = 1/16 and interaction strength u, v = 0.1, chosen for
clarity. Our study is extended over several choices of u
and δ (not shown).
The columnar order parameter displays a transition
at TC =≃ 0.5, which is remarkably weaker than the
transition displayed by the rotational order parameter
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FIG. 20. Columnar order susceptibility of the dimer model
with both dimer-aligning and plaquette interactions at finite
hole density. The plaquette coupling is u = 0.1 and the
two (and column) coupling are v = 1. The hole density is
δ = 0.0625 = 1/16. The susceptibility of the columnar order
parameter displays a strong divergent peak with Ising expo-
nents at the lower transition temperature.
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FIG. 21. Susceptibility for the nematic order parameter in
a dimer model with both dimer-aligning and plaquette in-
teractions at finite hole density. The plaquette coupling is
u = 0.1 and v = 1. The hole density is δ = 0.0625 = 1/16.
The susceptibility of the nematic order parameter displays a
strong divergent peak with the Ising exponents at the higher
transition temperature
at T = TN =≃ 0.8. The weakness of the low tempera-
ture transition can be further observed in the behavior
of the specific heat, which displays a strong peak (with a
very weak divergence, as expected for Ising transitions)
at TN but a very weak peak at TC .
The columnar order susceptibility displays a strong
peak at TC with a peak which shows an anomalous ex-
ponent η ∼ 0.2, lower than the Ising-expected 1/4, but
expected given the weak convergence we observe through-
out for this transition with the system size. However, the
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FIG. 22. Binder cumulant for the columnar order parameter
for a dimer model with both dimer-aligning and plaquette
interactions at finite hole density. The plaquette coupling is
u = 0.1 and the dimer-aligning couplings are v = 1. The
hole density is δ = 0.0625 = 1/16. The Binder cumulant
for the columnar order parameter displays crossings at both
critical temperatures, since the columnar order parameter, by
construction, is sensitive to both transitions in opposite ways.
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FIG. 23. Binder cumulant for the nematic order parameter
of a dimer model with both dimer-aligning and plaquette in-
teractions at finite hole density. The plaquette coupling is
u = 0.1 and the dimer-aligning couplings are v = 1. The hole
density is δ = 0.0625 = 1/16. The Binder cumulant for the
nematic order parameter displays a crossing only at the high-
est critical temperature with slightly lower than Ising, but
consistent, critical exponent. The same overall behavior is
displayed in all the hole densities studied.
nematic order susceptibility shows a clear Ising behavior
at the corresponding nematic-disordered transition, with
a clear Ising anomalous exponent for over two decades of
scaling, confirming the quick convergence of that transi-
tion.
Finally, regarding the behavior of the Binder cumu-
lants, as possibly expected, the rotational order’s cumu-
lant shows a textbook behavior at the high-temperature
nematic-disordered transition, where there is a strong
crossing at 1.13, which given our definitions, is the
universal value expected for the Ising universality class.
Further, the cumulant’s derivative scales in a consistent
way with the Ising expectations. However, the columnar
order’s cumulant displays a complex behavior with two
crossings at both transitions, since the columnar order
parameter displays fluctuations sensitive at both tran-
sitions. The lower transition’s Binder ration displays a
crossing around ∼ 2.1 that appears to drift toward lower
value and the Binder ratio derivative displays Ising-like
scaling (with ν ∼ 1). We believe that the Binder ratio
has not yet converged to the Ising value for finite-size
and finite-anisotropy reasons. Namely, the columnar or-
der parameter is defined in a 2 × 1 unit cell while the
simulation box has always been square L×L. In studies
of the Binder ratio for the square-lattice Ising model on
rectangular boxes40, it was shown that the critical Binder
cumulant value had a strong dependence on the system’s
aspect ratio. We expect a strong dependence also in our
case, and simulations in thin strips are expected to show
a much faster convergence for this transition.
IV. MEAN-FIELD THEORY
The understanding of this Ising nematic phase transi-
tion can be elucidated also through a mean-field study,
similar to the approach followed in Ref.[4]. Using a
Grassmann representation for the dilute dimer model and
performing two Hubbard-Stratonovich transformations,
with the exact same field definitions, we find the follow-
ing effective thermodynamic potential,
Γ(z, V ) =
V
4
∑
ijkl
mijM˜ijklmkl
+
∑
ij
ni
(
V
2
∑
kl
M˜ijklmkl +
z
2
Mij
)
nj
−
∑
i
ln

2∑
j
(
V
2
∑
kl
M˜ijklmkl +
z
2
Mij
)
nj + 1


(4.1)
where mij , ni are order parameters coupled to neighbor-
ing same-axis aligned dimers and hole density respec-
tively, while z = eβµ and V = z2(eβ − 1) where β = 1/T
and µ the hole chemical potential. Further, M˜ijkl is non-
zero and unity when i, j, k, l are neighboring sites on the
same lattice line, i.e. Mij is non-zero and unity when ij
are nearest neighboring sites. The only difference with
the study of Ref.[4] is that the attractive neighboring in-
teraction is in a different direction (aligning instead of
plaquette).
We use the ansatz ni = n and mij = (−1)im and we
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look for solutions of the extremal equation
∂Γ
∂m
= 0, with βz
∂Γ
∂z
= n (4.2)
The equations can be either solved numerically or ana-
lytically, with the latter being in an expansion in z (small
dimer density) and then, β (high temperature), giving fi-
nally the leading term for the critical hole density at high
temperatures to be
δc(T ) = 2(1 + β −
√
1 + 2β)/β = β +O(β2) (4.3)
leading to the dashed line shown in Fig. 24.
Ising Nematic
disordered
0 1/16 1/8 1/4 δ
T
0.5
FIG. 24. Mean-Field Approach to the Phase diagram in the
u = 0, v = 1 case. The thick dashed line describes a mean-
field estimate from an associated mean-field theory discussed
in the text. The points signify the transition line, as estimated
from numerical simulations.
V. CONCLUSIONS
In this paper we examined the phase diagram of a 2D
dimer model on the square lattice at zero and finite hole
densities. The important difference between this work
and previous studies is the consideration of the inter-
play of attractive interactions on a plaquette (which was
considered previously) with attractive (aligning) dimer
interactions on the same row (and column) for dimers on
next-nearest neighboring bonds of the lattice. By means
of large-scale Monte Carlo simulations, combined with
a scaling analysis and a mean-field theory we find that
the phase diagram of this simple model, shown in Fig.
2, in addition to a line of fixed points at zero hole den-
sity, generally contains three phases: a dimer-hole liquid,
a columnar phase (valence bond solid) and a novel Ising
nematic phase. We presented detailed results for the scal-
ing behavior of the columnar and nematic (orientational)
order parameters, specific heat and Binder cumulants at
the various transitions. In the general case our results
are consistent with two Ising transitions as the interac-
tion and hole density are varied.
These results are of interest to both the understanding
of classical dimer models and to quantum dimer models
which arise in the context of frustrated quantum mag-
nets. In the latter context the theory we presented here
describes the behavior of RVB-type wave functions at
finite hole density. All phases described here are non-
magnetic as the dimers represent valence bond singlets.
Experimentally relevant models of nematic phases
should have a columnar phase dominating at low tem-
peratures, consistent with strong experimental evidence
in cuprate and iron pnictides materials. In this work, we
considered a framework that includes geometric frustra-
tion originating in the hard-core dimer exclusion effect on
the square lattice. We find that exactly because of the
geometric frustration, a nematic phase at low tempera-
tures is always unstable to columnar fluctuations, due to
entropic reasons, implying that negligible amounts of the
plaquette interaction u yields a columnar phase at low
temperatures. It would be very interesting to investigate
similar phase diagrams on different lattices such as the
kagome, where a Z2 spin-liquid has been identified as the
ground-state of the Heisenberg antiferromagnet41 point-
ing toward useful dimer descriptions for the ground-state
wavefunction.42,43
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